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Abstract. We prove longtime existence and estimates for solutions to a fully non- 
linear Lagrangian parabolic equation with locally C ' initial data u satisfying 
either (1) — (1 + -q)I n < D 2 u < (1 + r))I n for some positive dimensional constant 
?7, (2) i*o is weakly convex everywhere or (3) uq satisfies a large supercritical La- 
grangian phase condition. 



1. INTRODUCTION 

When a family of smooth entire Lagrangian graphs in C n evolve by the mean 
curvature flow their potentials u : R n x [0, T) — > R will evolve, up to a time dependent 
constant, by the following fully nonlinear parabolic equation: 

r, n 

OU \ ~\ , 

— - = > arctanA,- 

i=l 

u(x, 0) = Uo(x) 

where Aj's are the eigenvalues of D 2 u. Conversely, if u(x,t) solves ([T]), then the 
graphs (x,Du(x,t)) in R 2n will evolve by the mean curvature flow up to tangential 
diffeomorphism. The main result of the paper is the following. 

Theorem 1.1. There exists a small positive dimensional constant i] = r](n) such that 
if Uq : MJ 1 M> is a C 1,1 function satisfying 

(2) - (1 + V )I n <D 2 u < (l+77)/ n 

then has a unique longtime smooth solution u(x,t) for all t > with initial 
condition -u such that the following estimates hold: 

(i) -V3I n < D 2 u < V3In for allt>0. 

(ii) sup^gjjn \D l u(x, i)\ 2 < Ci/t l ~ 2 for all I > 3 ; t > and some C\ depending only 
on I. 

(hi) Du(x,t) is uniformly Holder continuous in time at t = with Holder exponent 
1/2. ' 
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In pQ Theorem 11.11 was proved for rj any negative constant in which case it was 
shown that (j2J) is preserved for all t > 0. In particular, a priori estimates were 
established for any solution to ([T|) with D 2 u so bounded. The estimates combined 
maximum principle arguments for tensors and a Bernstein theorem for entire special 
Lagrangians [11] via a blow up argument. The estimates depended on the negativity 
of rj and could not be applied to the more general case of Theorem 1 1 . 1 1 even for rj = 0. 
We overcome this through recent estimates in [13] for solutions to (CQ) satisfying certain 
Hessian conditions (cf. Theorem 2.1 which is Theorem 1.1 in [13J). A particular case 
of Theorem 11.11 (similarly for Theorems 11.21 and ll.3p is where Duq : R n — > R n is a 
lift of a map / : T n — > T n and T n is the standard n- dimensional flat torus. In this 
"periodic case", our estimates together with the results in [7] imply that the graphs 
(x,Du(x,t)) immediately become smooth after initial time and converge smoothly 
to a flat plane in R 2n (cf. [H [3 El IS])- In the hypersurface case, the global and 
local behavior of mean curvature flow of Lipschitz continuous initial graphs has been 
studied in [U [5]. 

After a coordinate rotation described in §2 (see (jT5|) ). the condition — I n < D 2 u < 
I n corresponds to a convex potential in which case the right hand side of ([I]) is a 
concave operator. This however is not the case under the weaker assumption (i) 
in Theorem 11.11 This is interesting from a PDE standpoint as Krylov's theory for 
parabolic equations is for the concave operators. 

In light of the above, we apply Theorem 11.11 directly to the convex case in the 
following 

Theorem 1.2. Let uq : R™ — > R be a locally C 1,1 weakly convex function. Then ([1]) 
has a unique longtime smooth and weakly convex solution u(x,t) with initial condition 
uq such that 

(i) either D 2 u(x,t) > for all x and t > or there exists coordinates x\, ...,x n 
on R" in which u(x, t) = w(xk, x n , t) on R n x [0, oo) where k > 1 and w is 
convex with respect to Xk, ...,i n for all t > 0, 

(ii) sup^gjjn |V'A(x, t)\ 2 < Ci/t l+1 for all I > 0, t > and some constant C\ 
depending only on I where V l t A(x, t) is the Ith covariant derivative of the 
second fundamental form of the embedding F t : R n — > R 2n given by x — >■ 
(x, Du(x, t)), 

(hi) the Euclidean distance from each point of F t (M. n ) to F (R n ) in R 2n is Holder 
continuous in time at t = with Holder exponent 1/2. 

We also prove the following 

Theorem 1.3. Let uq : R" — > R be a locally C 1,1 function satisfying 



Then ([T]) has a unique longtime smooth solution u(x,t) with initial condition uq such 
that ([3]) is satisfied with either strict inequality for all t > or equality for all t > 



(3) 




i=l 
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in which case uq must be quadratic. Moreover, u(x,t) also satisfies (ii) and (Hi) in 
Theorem \1.2i 

Remark 1.1. Note that if Uq satisfies ([3]) then uq must be convex. 

As discussed above, after a coordinate rotation we may assume D 2 uq in Theorem 1 1.2 1 
satisfies the strict inequality —I n < D 2 uq < I n in which case Theorem 1 1 . II immediately 
provides a longtime solution u(x,t) to ([TJ. In order for this to correspond to the 
desired longtime solution in the original coordinates we must first show — I n < D 2 u < 
I n is preserved for all t > and this is the first main difficulty in proving (i) in 
Theorem 11.21 This in particular will rule out the possibility of Xi(D 2 u(x,t)) = 1 
for some (x, t) which would correspond to a non-graphical (vertical) Lagrangian in 
the original coordinates. The second main difficulty comes from showing that either 
— I n < D 2 u for all t > 0, or the solution splits off a quadratic term as in Lemma 4.2 
and this will give (i) in Theorem 11.21 after rotating back to the original coordinates. 

As for Theorem II. 3[ by Remark 11.11 if w satisfies ([3]) then it is automatically 
convex hence Theorem 11.21 guarantees a longtime convex solution u(x,t) to ([TJ. The 
difficulty in showing ([2D is preserved for all t > comes from the fact that a max- 
imum principle may not directly apply as Uq is only C 1,1 with possibly unbounded 
Hessian. Performing a similar but small o"o coordinate rotation, we can assume that 
—K{ao)I n < D 2 u < l/K(ao)I n , for some constant K{gq) which approaches zero as 
cr — > 0, and satisfies 

n __ 

(4) ^^arctanAj > (n — 1) no®. 

i=l 

We then observe that the set of positive semi-definite real n x n matrices satisfy- 
ing 01]) is a convex set S, and we approximate Uq by convolution with the standard 
heat kernels, which has the effect of averaging elements in S, thus producing smooth 
approximations with bounded derivatives (of order 2 and higher) and Hessians be- 
longing to S. We perform a further 7r/4 coordinate rotation after which the smooth 
approximated initial data satisfies (ii) in Theorem 11.11 and 

n 

(5) arctan \j > (n — 1) n na . 

i=l 

By Theorem [1J] we then apply a maximum principle argument to show flH]) is preserved 
starting from each approximate initial data. 

The outline of the rest of the paper is as follows. In §2 we provide preliminary 
results which will be used in the proofs of the theorems. In particular, we state the 
a priori estimates in [13] . Theorem 11.11 is proved in §3 and Theorems 11.21 and 11.31 are 
proved in §4. 

2. PRELIMINARIES 

In this section we establish some preliminary results. 
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Proposition 2.1 ( [TJ; Proposition 5.1 ). Suppose uq : M n — >• K is a smooth function 
such that sup |.D z wo| < oo for each I > 2. Then ([T]) /ias a smooth solution u(x,t) on 
W 1 x [0,T) /or some T > suc/i that sup x&Rn \D l u(x,t)\ < oo for every I > 2 and 
te[0,T). 

Remark 2.1. In Proposition 5.1 in [1] it was shown that the non-parametric mean 
curvature flow equation 

(6) j f = £/wk 

where g^(f) is the matrix inverse of gij(f) '■— Sy + Yua=i ftfji nas a snor t time 
solution f(x,t) provided uq satisfies the conditions in Proposition 12. 1[ As explained 
in p] (see Lemma 5.2), this in fact provides a short time solution u(x,t) to (0Q) as in 
Proposition 12.11 such that f(x,t) = Du(x,t) and the proof of Proposition 5.1 in [Tj 
can also be adapted directly to (pQ) to establish Proposition 12.11 For convenience of 
the reader and completeness, we provide the details of this argument below. 

Proof. Let (j k+a ' k ^ 2+a ^ 2 denote the standard parabolic Holder spaces on M n x [0, 1). 
Define 

B={ve C 2+Q ' 1+ t| v (x,0) = 0} 
and define a map F : B — > C a '^ by 

f(v) = ^ - e(v) 

where Q(v) := Yli=i arctan \i(D 2 (u Q + v)). Then the differential DF V at any v E B 
is given by 

DF v (cf>) = ^-f29 ij (uo + v)<f> ij 

where g^(uo + v) is the matrix inverse of I n + [D 2 {uq + v)} 2 . 
Claim 1: DF V is a bijection from T V B onto Tp^C 2+a ' 1+ 

This follows from the general theory of linear parabolic equations on R™ x [0, 1) 
with Holder continuous coefficients. 

Now define functions fi, f 3 on IR n recursively by 

h ■= ectio) 

1 / 2 := ^(«o)^/i. 

Then we see that sup M n |-D ; /j| < oo for every i and /, and if we let u>o = F(vq) where 
v o — tfi + t 2 /2f'2, then a straightforward computation gives 

(8) d l t F(v Q )(x,0) = 
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for I < 1 and 

(9) sup \D l x D™w \ < oo 

R n x[0,l) 

for every I, m > 0. In particular wq E C a, % . By the inverse function theorem there 
exists e > such that \\w — ioqU^s < e implies F(v) = w for some v E B. 
For any < t < 1, define w T by 



(10) w T (x,t) 



0, t < t 

Wo(x, t — r), t < t < 1. 

Claim 2: ||u> r — u>o||a,§ < e for sufficiently small r > 0. 

By (jSJ) and (jUJ), it follows that w T E C a, % and ||w r || ai « is bounded uniformly and 
independently of r. From this and the fact that w T — wq converges uniformly to in 
C° as r — > 0, it is not hard to show the claim follows. 

Hence by the inverse function theorem we have F(v) = w T for some < r < 1 
and v E C 2+a,l+a ^ 2 . In particular n + v solves (TT]) on W 1 x [0, r]. Now the higher 
regularity of u can be shown as follows. For any io 6 R n , consider the function 

u(x, t) := u(x + xo, t) — u(xo, 0) — Du(xo, 0) ■ x. 

Then u(x, t) E B and still solves |1} on M" x [0, t}. Now we can write (JT|) as 

du n 

— = } arctan Xi(D 2 u) 
at ^-^ 

(11) =1-^-1 arctan Xi(D 2 (su)) ) ds 




su)dsj d 2 jU. 

Notice that Du(0,0) = u(0, 0) = and that D 2 u(x,t) = D 2 u(x + x ,i) is uni- 
formly bounded on IR n x [0,r]. Now if we let B(l) be the unit ball in W 1 it fol- 
lows from ([1]) that u(x,t) and thus Du(x,t) is uniformly bounded on B(l) x [0, r], 
giving u(x,t) E C 2+a,1+ 2 + f (B(l) x [0, r]). In particular, by freezing the symbol 
a u := f g %0 \su)ds in (TTTI) . we can view (TTTT) as a linear parabolic equation for u 

with coefficients uniformly bounded in C a '2 + f (.B(l) x [0, r]). Now applying the local 
parabolic Schauder estimates (Theorem 8.12.1, [6]) and a standard bootstrapping ar- 
gument to ( flTl) we may then bound the C l+a norm of £t(x, t) on -B(l) by a constant 
depending only on t and I. 

Now the fact that v is smooth with bounded derivatives as in the theorem follows 
by repeating the above argument for any xq E M. n . □ 

Lemma 2.1 (pQ; Lemma 5.1). Let Uq : M. n — > M 6e a C 1 ' 1 function satisfying —CoI n < 
D 2 uq < C I n for some constant C > 0. Taen taere ernste a sequence of smooth 
functions u$ : lR n — > R swc/i t/iat 

(i) u§ ->■ m m C 1+a (5 R (0)) /or any i? and < a < 1, 
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(ii) -C I n < D 2 u\ < C I n for every k, 

(iii) sup^gjgn I-D'wqI < oo for every I > 2 and k. 

Proof. Let 

(12) u k (x) = / uo(y)K[x,y,l) dy 

where K(x,y,t) is the standard heat kernel on M. n x (0, oo). Conditions (i) and 
smoothness of Uq are easily verified. By assumption, D 2 uo(y) is a well defined and 
uniformly bounded function almost everywhere on MJ 1 and we may write 

D l A{x) = J D 2 y u (y)D l - 2 K (x,y, ^ dy 

for every I > 2 from which it is easy to see that conditions (ii) and (iii) is also true. □ 

Theorem 2.1 ([13]; Theorem 1.1 ). Let u(x,t) be a smooth solution to (TO in Qi C 
]R n x (— oo, 0] . When n > 4 we also assume that at least one of the following conditions 
holds in Q\ 

n 

(i) arctan A» > (n — 2) — , 
i=i 

(ii) 3 + Af + 2XiXj > for all 1 < i,j < n. 
Then we have 

(13) Nl,|;Q 1/2 + [^]i i;Q 1/2 < C(\\D 2 u\\ Lao{Ql) ). 

Here Q r (x,t) = B r (x) x [t-r 2 ,t] cR n x (-oo,0], and Q r := Q r (0,0). We refer to 
for further notations and definitions used in Theorem 12.11 



Lemma 2.2. Suppose uq : K" —>M. is a C ' function satisfying 

(14) - I n < D 2 U < I n 

and that u(x, t) G C°°(M n x (0, T)) f| C°(R n x [0, T)) is a solution to (HJ and satisfies 
u(x, 0) = Uq. Then f TT4|) is preserved for all t. 

Proof. We begin by establishing the following special case 

Claim: If u(x,t) is a smooth solution of ([T|) on R n x [0,T) satisfying 

(i) sup R „ \D l u(x, t)\ < oo for every t G [0,T) and / > 2, 

(ii) m(x, 0) satisfies (—1 + 8) I n < D 2 u (x, 0) < (1 — 5) I n for some 5 > 0, 

then u(x, t) satisfies (—1 + 5) I„ < D 2 u (x,t) < (1 — 5) I n for each t G (0, T). 

This was established in Lemma 4.1 in [T] and we provide a different proof of this 
here. We begin by describing a change of coordinate which we will use at various 
places throughout the paper. Let = x- 7 + yf—ly^ and io- 7 = r J ' + ^/— bs J (j = 1, ...,n) 
be two holomorphic coordinates on C n related by 

(15) ^' = e v ^ Ta w j 
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for some constant a. Then as described in p2] (see p. 1356), if L = {(x, u (x))\x G M n } 
in C n is represented as L = {(r, Vo(r))\r G R n } in the coordinates , then vq satisfies 

(16) arctan Xi(D 2 v ) = arctan Xi(D 2 u ) — a. 

Now by (ii) in the claim, as described in [llj we may choose a = — 7r/4 and obtain 
such a new graphical representation of L and the new potential function will satisfy 

5 2 5 

(17) — — I n < D 2 v < -^-I n . 

2 — 5 5 



The claim will be established once we show ffTTj) is preserved for any 5 > 0. Differen- 
tiating ([[]) twice with respect to any coordinate direction Xk yields 

n n 

(18) 9 ijd ^kk - d t v kk = 9 U 9 mm (A/ + A m ) v 2 lmk > 

i,j=l l,m=l 

where the subscripts of v denote partial differentiation. Now fix any vector V G M n 
and any point (r , to) note that V T D 2 v (r , to)V = vvv( r , t) where vvv( r , t) is just the 
second derivative of v(tq, to) in the direction V. It follows from (|T8|) that the function 

f(r,t) = V T (D 2 v(r,t)-^Av 



satisfies 



E 



9*%, -St }f(r,t)> 



vij'=l 



at any (r, t) in IR n x [0,T). Now note that by our assumption on the derivatives of u 
we have that gijir, t) is uniformly equivalent to the Euclidean metric on W 1 uniformly 
for t G [0, Ti] with T\ < T, while gij(r, t) and f(r, t) are also continuous on IR n x [0, T) 
the maximum principle (Theorem 9, p. 43, [3]) then implies f{r,t) < for all t. We 
can similarly prove that f{r,t) > for all t. This establishes the claim. 

Now let Mo and u(x,t) be as in the lemma, and let Uq be a sequence as in Lemma 
12.11 Fix some sequence 5 k — > and consider the sequence v q = (1 — Sk)uQ. Then 
by Proposition 12.11 there exists a positive sequence such that for each k there 
is a smooth solution Vk{x,t) of ([T]) on IR n x [0,7^) with initial condition and 
sup xgK n \D l v k (x, t)| < oo for every / > 2 and t G [0,T fc ). For each k, assume that T k 
is the maximal time on which the solution v k exists. By the above claim we also have 
(— 1 + 5k) I n < D 2 Vk {x, t) < (1 — 5k) I n for each t G [0, Tk) and the main theorem in 
[1] then implies sup^gjgn \D l Vk(x, t)\ 2 < Ci t k/t l ~ 2 for all I > 3, and some constant 
depending only on I and 5k and it follows that Tk = oo. In fact, the local estimates in 
Theorem 12.11 can be used to remove the dependence on 5k in these bounds. Indeed, 
fix some k, T G (0, oo) and x' G M. n and let 

(19) w k {y, S ) = - (v k (yVf + x', sT + T)- v k {x', T) - Dv k (x', T) ■ yj . 

Then we have w k (0,0) = Dwk(0,0) = 0, and Wk{y,s) solves <^ on R a x [—1,0] and 
satisfies -(1 - 5 k )I n < D 2 w k < (1 - 5 k )I n for all (y, s) G M n x [-1,0]. Applying 
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Theorem 12.11 then gives 

(20) sup \D 3 v k (x,t)\ 2 = sup i \D 3 w k (y, s)\ 2 < — 

(as,t)6B V5 , /a (ar')x[(3r/4),r| MeQi/a J J 

where -B ^/t/2{ x ') * s the ball of radius VT/2 centered at x' G lR n and C is some constant 
independent of k. Noting that x' G M. n and T G (0, oo) were arbitrary we obtain 

(21) sup \D 3 v k (x,t)\ 2 < % 

xeR n c 

for all t G (0, oo) and it follows from a scaling argument, described in the proof of 
Lemma 5.2 in PQ, that for every i G (0, oo) and / > 3 we may have 

(22) sup \D l v k (x,t)\ 2 < -j± 

for some constant Ci depending only on I. 

From (122]) we conclude that the ^(x, t)'s have a subsequence converging to a func- 
tion f(x,t) on MJ 1 x [0, oo) where the convergence is smooth on compact subsets of 
M n x (0, oo). In particular, by construction we have that v(x,t) is smooth and solves 
(JTJ) on W 1 x (0, oo), satisfies ( Tlijl for every t G [0, oo) and t> (x, 0) = «o(^)- Moreover, 
by (JTJ we have |9 t u(a:,i)| < ^ for all (x, t) G M n x [0, oo) from which we conclude 
that u G C°(IR n x [0,T)). 

It now follows by the uniqueness result in [2] that u(x, t) = v(x, t) for all t G [0, T), 
and thus u(x,t) also satisfies (jHj) for every t G [0, T). This completes the proof of 
the lemma. □ 

We now apply the above results to prove the following proposition. 

Proposition 2.2. There exists a dimensional constant 77 = 77(72) > such that for 
every T > the following holds: ifu(x,t) is a smooth solution to (pQ) onM" x [0,T) 
such that —(1 + r])I < D 2 u < (1 + 77)/ at t = and sup xgM „ \D l u\ < 00 for each 
t G [0, T) and I > 2, then u(x, t) satisfies — v3/ n < D 2 u < y/3I n for all t G [0, T) . 

Proof. Suppose otherwise. Then there exists a sequence r\ k — > and a sequence of 
smooth u k (x,t) each solving ([T]) on M n x [0,T k ) where T k > 0, and each satisfying 

(a) -(1 + r} k )I n < D 2 u k < (1 + n k )I n at t = 0, 

(b) sup^gjgn l-D'wfcl < 00 for each t G [0, Tk) and / > 2, 

(c) \\i(D 2 u k (x k , tk))\ > for some (x k ,t k ) G M n x [0,7fc) and some i. 

Then by (a) and (b) it is not hard to show that there exists a sequence R k with 
R\ G (0, T k ) satisfying 

(A) -y/SI n < D 2 u k < V3In for all t G [0, R 2 k ), 

(B) \\i(D 2 u k (x k , t k ))\ = a/3/2 for some (x k ,t k ) G M n x [0, i?^) and some i. 
Now consider the sequence 

v k (x, t) := (u k (xt k + x k , t\t + t\) - u k (x k , t k ) - Du k (x k , t\) ■ x) 
t k 
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each solving (CQ) on IR n x [— 1, 0] and each satisfying 

(i) -(1 + < D 2 v k < (1 + 7] k )I n at t = and -V3I n < D 2 v k < V3I n Vt > 0, 

(ii) \\i{D 2 v k )(0,0) \ = ^/3/2 for some i, 
(hi) v k (0, 0) = £to fc (0, 0) = 0. 

Then as assumption (ii) in Theorem 12.11 is satisfied, we may apply the estimates 
there as in the proof of Lemma |2~21 to show that the Vk(x,t)'s have a subsequence 
converging to a function v(x,t) G C°°{R n x (-1, 0)) f| C°{R n x [-1,0]) such that in 
addition we have sup^gg™ \D 3 v(x, t)\ bounded independent of t G [—1/2, 0]. Moreover, 
by construction v(x, t) solves ([Q) and satisfies — I n < D 2 v(x, —1) < I n in the sense 
and |Ai(D 2 v(0,0))| = ^/3/2 for some z. Together, these facts contradict Lemma 
E31 □ 

Remark 2.2. Noting that (1131) in Theorem 12.11 holds in general when n < 3, we observe 
that when n < 3 we can replace v3 in Proposition 12.21 with any positive constant 
C>0. 

3. Proof of Theorem 11.11 



Proof of Theorem \l.l[ Let Uq be as in Theorem 11.11 where rj > is as in Proposition 
12.21 Let Uq be a sequence of approximations as in Lemma [2TTI By Proposition 12 . 1 1 we 
have smooth short time solutions u k (x, t) to (0Q) with initial condition u k (x, t) = Uq(x). 
Moreover, by Proposition 12.21 we have —\/3I n < D 2 u < \/3I n for all (x,t). We will 
let M™ x [0, Tfc) be the maximal space time domain on which u k (x,t) is defined. 

Then by a rescaling argument and applying Theorem 12.11 as in the the proof of 
Lemma [2.21 we can show that for each k, T k = oo and u k (x,t) satisfies the estimates 
in (|22|) for all / > 3 and t > 0. In particular, we argue as in the last two paragraphs of 
the proof of Lemma [2T21 that some subsequence of the u k (x, t)'s converge to a function 
u(x, t) solving (pQ) on IR n x [0, oo) satisfying (i) and (ii) in the conclusions of Theorem 

o 

We now show that Du(x,t) satisfies conclusion (hi) in Theorem 11.11 By differen- 
tiating ([1]) once in space and using (i) and the estimates in (ii) for I = 3 we may 
estimate as follows for any x G M™ and t > t' > 0: 



\Du(x,t) -Du(x,t') 

{t-t'y/ 2 



(23) 



< 



d s Du(x, s)ds 



(t - ty/ 2 



c 



< 



(t-t'y/ 2 

1 s- l ' 2 ds 



(t - t<yi 2 



<c 



C \ \D 3 u(x, s)\ds 
<- Jt ' 
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for some constant C independent of x, t and t'. The uniqueness of u(x, t) follows from 
the uniqueness result in [2]. □ 

4. Proofs of Theorem 11.21 and Theorem 11.31 

We begin by establishing the following lemmas 

Lemma 4.1. Let v(r,t) be a solution to (JT]) as in Theorem \l.l\ and assume —I n < 
D 2 v(r,t) < I n for all r and t. Then if Xi(r',t') = 1 at some point where t' > 0, then 
Xi(r,t) = 1 for all (r,t) G M" x [0, £'). Similarly if Xi(r',t') = —1 at some point where 
H > 0, then Xi(r,t) = -1 for all (r,t) 6K"x [0,t'). 

Proof. In [T4] , the authors consider a solution v to the elliptic equation corresponding 
to©: 

n 

(24) E arctan A; = C 

i=i 

where C is some constant. By twice differentiating (|24p and the characteristic equa- 
tion det(D 2 v + XJn) = they obtained a formula for YT a &=i 9 ab ^lb hi \A + A 2 at 
any point where Aj is a non- repeated eigenvalue for D 2 v ([E]; Lemma 2.1). By es- 
sentially the same calculations we may differentiate the parabolic equation ([1]) and 
the characteristic equation det(-D 2 t> + Aj/„) = twice in space, and also differenti- 
ate the characteristic equation once in time, to obtain the exact same formula for 
(X/a 6=1 9 ab ^ab ~ ®t) l n yl + A 2 &t an y point where Aj is a non-repeated eigenvalue for 
D 2 v. Namely, if Aj is a non-repeated eigenvalue of D 2 v at a point (ro, to) then the 
following holds at (ro, to) (after making a linear change of coordinates on MJ 1 so that 
D 2 v(ro,to) is diagonal): 



(25) 



E 9 ab dl -d t )l a y/l + A 2 

\a,b=l 

(1 + A?) h\ 
2 A, 



I 2 - 



Ai — A r 



;i + AjAq.) /i 2 m + E 



1 + A + 



2 A,- 



A,; — Ar 



h 2 



E 2 ^ ( 



1 + AjA a 1 + AjA^ 



X; — Xr 



A,; -A 



/3 



/) 2 



where h a pj(r, t) is the second fundamental form of the embedding F(r, t) = (r, Dv(r, t)) 
of M n to R 2n . 

Claim: If Ai(r', t') = 1 at some point where t' > 0, then Ai(r, t) = 1 for all 
(r,i)GK"x(0,i']. 

We will always assume that 1 > Ai > A2 > ■ ■ • > A n > — 1 where the upper 
and lower bounds are given by Lemma 12.21 Now suppose that 1 is an eigenvalue of 
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multiplicity k and consider the function / = Yli=i m a/1 + A?. Then / is a smooth 
function in a space-time neighborhood U x {if — e,t' + e) of (r',t ! ) (see [10]) and 
attains a maximum value in U x {if — e, if + e) at (r',t'). Now we want to compute 
the evolution of / in U x (£' — e, i' + e). We illustrate how to do this first at some 
point where Ai, ...,Xk are all distinct. In this case we may apply (125]) separately to 
each term in /, and after some computation we obtain 



(26) 



where 



\a,b=l / i=l 

= E( 1 + A ?) Kn+ I + n 

7<fc 
>I + II 



y: (3 + A^ +2 A a A 7 )c 7 + e 3A °-Y5 (Att+Ai 



A Q — A 7 

ct<7<K o</c<7 ' 



+ ^ (3 + A^ + 2A 7 A Q ) h 2 lia + ^ — a - — ^ a 7 /i 77Q , 



(27) 



II — 2 (3 + AqA^ + A^A^, + A 7 A Q! ) /i^ 7 

a</3<7<fc 
o</3<fc<7 - 



A/? — A 7 J \ X a — A 7 



h 2 



+ 2 A f 1 + A " A/3 _|_ 1 + ^7 \ ^2 

a<fc</3<7 " V A « - A /3 A( ^ A 7 J ^ 

where I corresponds to summing the second and third term on the right hand side 
of ( 1251) for i = 1, k and II corresponds to summing the fourth term on the right 
hand side of (1251) for i — 1, k. Our derivation above only applies at a point where 
Ai, Afc are all distinct, and thus cannot be used directly to calculate the evolution of 
/ = ^2i=i m \A + a ^ ( r '>0- We now remove this assumption on the distinctness 
of eigenvalues by the approximation argument below. 
Consider the function 



1 k 

v m (r,t) ■=v{r,t)--J2 



m 

r- 



Then for sufficiently large m, in some space-time neighborhood of (r',t') which we 
still denote as U x {t' — e,t' + e) the eigenvalues Ai, m of D 2 v m will be between —1 and 1 



i, m 



while the k largest eigenvalues will be non-repeated. Thus the function In w 1 + A 
is smooth in U x {if — e,t' + e) for each i. On the other hand, by (PQ) and the definition 
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v m we have 

dv n 

(28) = ^ arc tan A i>m + w m 

i=l 

where 

n n 

w m = arctan Ai(f ) — arctan \j(v m )- 

i=l i=l 

Note that w m approaches zero smoothly and uniformly on compact subsets of U x 
(tf — e, t' + e) as m — > oo. By ( 1281) . the above referenced derivation of ( 1251) and by 
( 1271) we have 



E 

va,b=l 



n ab 8 2 

y m u ab 



(29) 




+ /4 



in U X (£' — e, t! + e) where J m is obtained by replacing \ a and in / by \ a , m and 
Xp^m respectively, and II m is obtained similarly. We have also used the fact that 
J m , II m is nonnegative. Letting m — > oo, we conclude that {Ylab=i 9 ab ^ab ~ ®t)f > 
on U x (tf — e, tf + e) and thus / = A; In \/2 in U x (t' — e, t'\ by the strong maximum 
principle (Theorem 1, p. 34, [3J). 

Now for any (r",t") G M n x [0,t'] let 7(5) : [0, 1] be a line segment in space-time 
such that 7(0) = (r',f) and 7(1) = (r",t"). Let A be the set of s e [0, 1] for which 
Ai(7(s)) = 1 for all s G [0, s]. Then the above argument shows that A is in fact open 
and non-empty. Moreover, A is clearly closed by continuity and we then conclude 
that A = [0, 1] and in particular, Xi(r",t") = 1. This established the claim and thus 
the first statement in the conclusion of the lemma. 

By considering the solution — v(r, t) to ([T]), we likewise conclude the second state- 
ment in the concslusion of the lemma is true. □ 

Lemma 4.2. Let v(r,t) be a solution to ([1]) as in Theorem \1.1\ and assume that 
-I n < D 2 v(r,t) < I n for all r6R" and t G [0, 00). Then either D 2 v(r,t) < I n for 
all r and t > or there exist coordinates r 1; ...,r n on W 1 in which we have v(r,t) = 

Y + ■ ■ ■ + -y + w (rfc+i, r n , t) on W l x [0, 00) where —I„ < D 2 w(r, t) < I n for all r, 
t > and k > 1 . 



Proof. We begin by establishing the following claims. 
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Claim 1: If vn(r',t') = 1 at some point (r',t') with if > 0, then V\\ = 1 on 
W l x [0,f]. 

By a rotation of coordinates on IR n , we may assume that D 2 v(r',t') is diagonal. 
Since D 2 v > —I n there exists some space time neighborhood U\ x (t'—e, t'+e) of (r', if) 
in which —{l—S)I n < D 2 v(r, t) < I n for some e, 5 > 0. By (fT6l) it follows that for some 
choice of a G (0, 7r/4), we may change coordinates on C n (from w- 7 to z- 7 ) using (fT5l) so 
that the local family of Lagrangian graphs L = {(r, Dv(r, t))\(r, t) G U± X (t'— e, t'+e)} 
is represented in the new coordinates as L = {(x, Du(x,t))\(x,t) 6 f/ 2 x (t' — e, t' + e)} 
for some space time neighborhood U 2 x (i' — e, t' + e) in which < D 2 u(x, t) < MI n 
with Uu(x\ t') = Mat some interior point (2', t') with respect to coordinates x±, ...,x n 
given by (|T5l) . It follows from (fl8|) and the strong maximum principle (Theorem 1, 
p.34, [3]) that u u = M in U 2 X [£' - e, £'] and thus «u = 1 in Z7i X [f - e, £']. 

Now for any (r",t") G Mf 1 x [0, £'] and let 7(s), s G [0,1], be a line segment in 
space-time such that 7(0) = (r',t') and 7(1) = (r" ,t"). Let A be the set of s G [0, 1] 
for which Vu( , y(s)) = 1 for all s G [0, s]. Then the above argument shows that A is 
in fact open and non-empty. Moreover, A is clearly closed by continuity and we then 
conclude that A = [0, 1] and in particular, vu(r",t") = 1. This established the claim. 

2 

Claim 2: In Claim 1, we in fact have v(r, t) = y + w(r 2 , r n , t) on R ra x [0, 00). 
Integrating v\\ twice with respect to 77 gives 

^l 7 '^) = y + r iWi(f2, -,r n ,i) + w 2 (r 2 , ...,r n ,t) 

on IR n x [0, £'] for some functions 101 and 1^2- It follows that 1/7 must in fact be linear 
with respect to x 2 , ■■■■,x n as otherwise D 2 v would be unbounded on IR n x [0, if) thus 
contradicting our assumption on that —I n < D 2 v(r,t) < I n for all r and t. Our 
assumption that D 2 v(r',t') is diagonal then implies that w\ must in fact be constant 
in space. Finally, as the right hand side of (pQ) is uniformly bounded in absolute value 
from which we further conclude that is in fact constant in time as well and thus after 
a possible translation of the coordinate 77 we have 

v ( r ^) = -j- + w 3 (r 2 ,...,r n ,t) 

on Mf 1 x [0, i'] for some function u> 3 . Now observe that up to the addition of a time 
dependent constant, w 3 (r 2 , ...,r n ,t) solves p]) on ]R n_1 x [0, t'] and by Theorem 11.11 
this extends to a smooth longtime solution which we still denote as w 3 (r 2 , ...,r n ,t). In 

2 

particular y +w 3 (r 2 , r n , t) is also a longtime solution to flTJ and it follows from the 
uniqueness result in [2] that the above representation of v(r,t) holds on Mf 1 x [0, 00). 

The lemma follows by iterating the arguments above starting with the function w 
in Claim 2. □ 

Proof of Theorem \l. 6 A Now let Uq be a C 1 ' 1 locally weakly convex function as in 
Theorem II .21 Using o = rr/4 in f|T5|) to change coordinates on C n and noting f|T6l) 
(see also [H]), we represent the Lagrangian graph L = {(x,u (x))\x G Mf 1 } in the 
coordinates z J as L = {(r,Vo(r))\r G M n } in the coordinates where Vo satisfies 
— I n < D 2 vq < I n - Let v(r,t) be the long time solution to ([I]) with initial condition 
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vq given by Theorem 11.11 Then from Lemma 2.2 and Lemma 14.11 we have —I n < 
D 2 v(r,t) < I n for all r, t > 0. Moreover, applying Lemma [4.21 to —v(r,t) we further 
conclude that either —I n < D 2 v(r,t) < I n r, t > or 

(30) v(r, t) = -^ + ^ + w(r k+1 , r n , t) 

on R n x [0,T) where k > and -I n < D 2 w(r,t) < I n for all r G R n , t > 0. Let 
Lt = {(r,v(r,t))\(r,t) G M ra x [0,oo)} be the corresponding family of Lagrangian 
graphs in C n . Then by (|16|) . L t will correspond to a family of Lagrangian graphs 
{(x, Du(x,t))\(x,t) G f " x [0, oo)} such that u(x,t) is a longtime solution to ([T]) 
satisfying (i) in Theorem 1 1.21 Now note that as v(x, t) satisfies (ii) and (iii) in Theorem 
11.11 it also satisfies (ii) and (iii) in Theorem 11.21 It follows that u(x,t) must then 
also satisfy (ii) and (iii) in Theorem 11.21 The uniqueness of u(x,t) follows from the 
uniqueness result in [2]. □ 

Proof of Theorem ] 1.31 Let u be a locally C 1 ' 1 function satisfying (j3J). Then u is 
automatically convex and by Theorem 11.21 there exists a longtime convex solution 
u(x,t) to ([I]) with initial condition uq. In particular, note that u(x,t) satisfies (ii) 
and (iii) in Theorem 11.21 It will be convenient here to define the operator 

n 

Q(A) := ^arctan Xj(A) 
i=i 

on symmetric real n x n matrices A where the Aj's are the eigenvalues of A. A direct 
computation shows that as u(x,t) solves ([I]), Q(D 2 u(x,t)) evolves according to 

n 

(si) d t Q = ]T ^aje. 

We would like to use (1311) and the maximum principle (Theorem 1, p. 34, [3]) to con- 
clude that ([3]) is thus preserved for all t > 0. One difficulty here is that Q(D 2 u(x, t)) 
is not necessarily continuous at t = 0. Another difficulty is that D 2 u(x,t) is not 
neccesarily bounded above, and thus the symbol is not necessarily bounded below 
(by a positive constant) on M n for t > 0. To overcome this we will need to transform 
and approximate our solution u(x,t) through the following sequence of steps. 

Step 1 (small rotation): We begin using (Tl5l) . with a = a G (0,7r/2) to be 
chosen in a moment, to change coordinates on C n and represent the Lagrangian 
graphs L t = {(x,u(x,t))\x G M. n } in the coordinates as L t = {(r,v(r,t))\r G M n } 
in the coordinates for some family v(r,t) with (r,t) G M n x [0,oo). By ffTB]) we 
have 

(32) Q(D 2 v(r,0)) > ( n -l)^-na 
and by ( fl6l) and the convexity of u(x,t) we have 

(33) -tfM < ZA;M) < l/nr^o) 

for all r, t where K(a ) — >■ as a — > 0. 
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Step 2 (approximation): Let Vq be the sequence of approximations of vq = v(r, 0) 

constructed in Lemma 2.1. Then for each k we have —K(ao) < D 2 Vq < 1/K(<jq) by 
f )33|) . Moreover, sup rgR „ \D 1 Vq{t) \ < oo for all I > 3. Now we show that 



(34) ®{D 2 v k )>{n-l)^-na a 

is satisfied for all k. 

Fix r e W 1 and k. By (JT2D we have 



L>X(r) = / D 2 ^)^ ( r, 2/, ± ] dy. 

Approximating by the Riemann sums, we can find a double sequence {pij} C M n and 
a sequence {ji} C Z + for which 

(35) D 2 v k (r) = lim V D 2 v ( Pij )K (r, Pij , \ 

3=1 V 

On the other hand, 



K [r,y,-]dy 



and we may then further assume 



3=1 

as i — 7- oo. By ( 1351) we then have 



ji ( 1\ 1 
^:=^ir^r,^,-J-^l 



(36) D 2 4(r) = lim V L> 2 Vo (^)A 



OO ' 



where Ay = K (r,Pij, |) j{i n B,^) and in particular X^Li^ij = 1 while > for 
all z, j. Now since (n — 1)| — ncr > (n — 2)| by our choice of o"o, the results in [12] 
assert that the set of symmetric n x n matrices A for which > (n — l)f — nao is a 
convex set S in the space of real n x n symmetric matrices. This, (1361) and the fact 
that D 2 vo(pij) e S for all i,j imply D 2 Vq{t) G S*. Thus (1541 holds for each fc. 

Step 3 (7r/4 rotation): Now we use (115H as in Step 1, but with a = 7r/4, to 
obtain from v(r, t) and the t>Q(r)'s a corresponding family w(p, t) and sequence u>q(p)- 
In particular, w(p,t) is a longtime solution to ([I]) and the Wq's will satisfy (j2J) in 
Theorem 11.11 provided o"o > is chosen sufficiently small and we will assume such a 
choice of <To has been made. They will also satisfy 

(37) Q{D 2 w k {p))>{n-lf--na Q -n K - 

by f fT6|) . Thus for each k, Theorem 11.11 gives a longtime solution w k (p,t) to (TjQ) with 
initial condition Wq satisfying sup rg \D l w k (p,t)\ < oo for all / > 2 and £ > 0. It 
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follows from ( 1371) . ( 13TT) . (|T6l) and the weak maximum principle (Theorem 9, p. 43, [3]) 
that 

(38) Q(D 2 w k (p, t)) > (n - 1)| - na - n- 

for all (p, t). Now using Theorem 11.11 and arguing as in the beginning of the proof of 
Theorem 11.11 we see that some subsequence of the w k (p, t)'s converge smoothly and 
uniformly on compact subsets of MJ 1 x (0, oo) to a smooth limit solution to ([I]) on 
M n x (0, oo). By the uniqueness result in [2] and the definition of w^, we see this limit 
solution is in fact the solution w(p,t). In particular, w(p,t) must satisfy f|38|) for all 

Rotating back to the original coordinates, we conclude from the last statement 
above that u(x,t) must satisfy (EJ) for all t > 0. Thus either 03) holds with strict 
inequality for all t > or there exists some {x',t') G M n x (0, oo) at which equality 
holds in ([3]) in which case ( 13T|) and the strong maximum principle (Theorem 1, p. 34, 
0) give 

(39) ®{D 2 u{x,t)) = {n-lf- 

in W 1 x (0, t'\. In this case, integrating ([T]) in t and noting the continuity of u(x, t) in 
t (for all t > 0) we obtain 

u(x,t) = u{x,t') + (n- l)|(t - f) 

for all t G [0, £'], and thus for all t G [0, oo) by the uniqueness result in \2\. In 
particular, D 2 u(x,t) satisfies fl39l) for all t > 0. On the other hand, u(x,t') is smooth 
in x and it follows that uq(x) = u(x, 0) is a smooth convex solution to the special 
Lagrangian equation Q(D 2 uo(x)) = (n — 1)| on M n and is thus quadratic by the 
Bernstein theorem in [11] . This concludes the proof of Theorem 11.31 □ 
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